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UDC 541.1 

The authors set up quasi-stationary relations between the concentra- 
tion of the reactant and the reaction product for a definite type of 
reactor with chemical transformations. The relationship established 
can be used in an analytical investigation of the transient operation 
of such reactors. 

The p r o b l e m s  a s s o c i a t e d  with the uns t eady  o p e r a -  
t ion of c h e m i c a l  r e a c t o r s  a r e  of c o n s i d e r a b l e  t heo -  
r e t i c a l  and p r a c t i c a l  i n t e r e s t .  T h e i r  so lu t ion  involves  
s e r i o u s  m a t h e m a t i c a l  d i f f i cu l t i e s  and d e m a n d s  a 
n u m b e r  of a s s u m p t i o n s  of v a r i o u s  types .  Hence  any 
j u s t i f i a b l e  s i m p l i f i c a t i o n  of the a n a l y t i c a l  i n v e s t i g a -  
t ion of the t r a n s i e n t  o p e r a t i o n  of c h e m i c a l  r e a c t o r s  
r e p r e s e n t s  a c o n s i d e r a b l e  s t ep  f o r w a r d .  

Let  us  now c o n s i d e r  c h e m i c a l  r e a c t o r s  i n c o r p o r a t -  
ing e l e m e n t s  with a c a p i l l a r y - p o r o u s  s t r u c t u r e  (co l -  
umn packing ,  e l e c t r o d e s ,  e t c . ) .  We r e s t r i c t  o u r s e l v e s  
to e l e m e n t s *  in which the t r a n s f e r  p r o c e s s e s  a r e  
e f fec ted  by  m o l e c u l a r  d i f fus ion  a lone o r  by f o r c e d  
flow. In addi t ion,  for  the  f o r m e r  c a s e  we a s s u m e  
tha t  the changing  content  of the p roduc t  in the r e a c t o r  
dur ing  the  p e r i o d  in which  s t e a d y  work ing  condi t ions  
a r e  a t t a ined  i s  d e t e r m i n e d  only by the s t o i c h i o m e t r i c  
r e a c t a n t  content  du r ing  the s a m e  pe r iod ;  in the  l a t t e r  
c a s e  in a cont inuous ly  work ing  r e a c t o r  the contents  
of the r e a c t a n t  and the p roduc t  a r e  kep t  cons tan t .  A 
c h a m b e r  f r o m  which the r e a c t o r  is  fed with r e a c t a n t  
and which t akes  the p roduc t  of the r e a c t i o n  i s  a t t ached  
to the r e a c t o r .  

In o r d e r  to s i m p l i f y  the  m a t h e m a t i c a l  d e r i v a t i o n s ,  
we a s s u m e  a two-componen t  type of r e a c t o r  ( r e a c t -  
ant  r product )  in the s y s t e m  c o n s i d e r e d  and a l so  
the e x i s t e n c e  of condi t ions  p e r m i t t i n g  t r a n s i t i o n  to 
the  o n e - d i m e n s i o n a l  p rob lem~ ** 

In th is  c a se  the equat ions  e x p r e s s i n g  the law of 
c o n s e r v a t i o n  of m a t t e r ,  which a r e  conta ined  in the 

s y s t e m  of d i f f e r e n t i a l  equat ions  d e s c r i b i n g  the un-  
s t e a d y  work ing  condi t ions  of such r e a c t o r s ,  can be 
w r i t t e n  as  fo l lows:  

Oq(x,+) Dr /)2cr(x,+) QrCx, z), 
O z Ox 2 

OCp(X, T) D Oa@(x"~) 
a-~- = p - - o x  ~ - "  Qp(X, ~); (1) 

Ocr (x, -~) ac~ (x, -~) 
- v Qr (x,  ~), 

0-~ Ox 

Ocp (x, "c) Ocp (x, ~) 
v + Qp (x, "r). (2) 

0 -~ 8x 

The c a p a c i t i e s  of the r e a c t a n t  and p roduc t  s o u r c e s  
a r e  l inked  by  the fol lowing r e l a t i on :  

Qr/'r = Qp/Vp. (3) 

H e r e  v r and Vp are the corresponding stoiehiometric 

coefficients in the equation of the reaction taking 

place in the reactor vrR + ... r VpP + .... It 
should be noted that Qj are not only functiens of the 

c oo rd ina t e  and t i m e ,  but  m a y  a l so  depend  on the 
c o n c e n t r a t i o n s  of the r e a c t a n t  and the p roduc t ,  the 
t e m p e r a t u r e ,  and a n u m b e r  of e t h e r  f a c t o r s  ( d e t e r -  
mined  by the p a r t i c u l a r  type of c h e m i c a l  p r o c e s s ) .  

The p r o b l e m  is to establish a relationship be- 

tween the concentrations of reactant and product 
for the following initial and boundary conditions. 

For the system of equations (I) the initial con- 

ditions are 

c~ ( x ,  O) = c~ = const, 
0 Cp(X, O) ~ cp = const. (4) 

*In the fol lowing d i s c u s s i o n  by r e a c t o r  we m e a n  
i t s  po rous  e l e m e n t .  

**E. g.,  c a t a l y t i c  h e t e r o g e n e o u s  r e a c t i o n  in an 
i s o t r o p i c  f i n e - p o r o u s  m e d i u m  in which  the depth of 
the  a c t i v e l y  o p e r a t i v e  l a y e r  i s  much  g r e a t e r  than 
the d i m e n s i o n s  of the s t r u c t u r a l  e l e m e n t  c o n c e r n e d  
( p a r t i c l e s  of m a t e r i a l ,  p o r e s ) .  As  s u g g e s t e d  by 

Z e l ' d o v i c h  [1] th is  m e d i u m  m a y  be c o n s i d e r e d  to be 
homogeneous  with  c e r t a i n  e f fec t ive  p a r a m e t e r s ,  
whi le  the c h e m i c a l  t r a n s f o r m a t i o n  may  be a s s u m e d  
to t ake  p l ace  in the e n t i r e  vo lume .  

Boundary conditions: assuming the boundary 

x = 0 to be closed we obtain 

Oct ox(X' ~)~.=o = O, O Cpax(x, !)., :o = O. (5) 

The s a m e  condi t ions  a r e  s a t i s f i e d  by a r e a c t o r  
which i s  open on both s i d e s  and s y m m e t r i c  wi th  
r e s p e c t  to the l e f t - hand  and r i g h t - h a n d  bounda r i e s :  in 
th i s  c a s e  z e r o  f l o w r a t e s  a r e  o b s e r v e d  in the c e n t r a l  

p lane .  
The second  boundary  condi t ion  i s  d e t e r m i n e d  f r o m  

the equat ion of m a t e r i a l  ba l a nc e  dur ing  the t ime  
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needed  for  the  r e a c t o r  to r e a c h  s t e a d y  w o r M - g  con-  
d i t lons :  

L 

Dr ,.t Ocr(x' ~=t. dx = .f {cr(x' c~)--cr(x 'O)} dx + 
0 0 

L 

0 0 

L 

C~ f Dp .J . . . .  O ~ - ! x = z d ' r  = [Cp(X, oo)  - Cp(X, O)j d x  - -  

o 0 

L *o 

0 0 

F o r  the  s y s t e m  of equa t ions  (2) the  i n i t i a l  con-  
d i t ions  a r e  

c r (x, 0) = c o = const; Cp(X, 0) = c~ = const. (7) 

The boundary  condi t ions  a r e  

c r (L, x) = c[; cp(L, x) = c~. (8) 

By d iv id ing  the f i r s t  equat ion of s y s t e m  (1) by  v r 
and the second  equat ion by Vp and adding the r e s u l t s ,  
we ob ta in  

0 [ q ( x , x )  , Cp (X , x ) ]=  
Vr --7- 'Vp 

c~ c r (x, "~) cp (x, x) ] 
D r "Vr Dp Vp . ..I Ox 2 - -  + . (9) 

Below we c o n s i d e r  s y s t e m s  for  which i t  may  be 
a s s u m e d  with a known a p p r o x i m a t i o n  that  the e f f ec t -  
ive  d i f fus ion coef f i c ien t s  of r e a c t a n t  and p roduc t  a r e  
equal :  

Dr ~ D  p = D .  

In th i s  c a s e  Eq. (9) b e c o m e s  

Ou(x, x) D gPu(x' ~), (9') 
O x Ox 2 

where u(x, r)  = [Cr(X, r ) / v  r + Cp(X, r) /Vp] is a new 
combined variable. 

The initial and boundary conditions for (9') take 
the following forms, respectively: 

u (x, O) o = cf/~r + o cp/,,p, (4') 

au a X' 0 ,,_-.o = o, ( 5 , ~ 

.j Ox ]x=L 
0 

(6') 

"The  g e n e r a l  so lu t ion  of Eq.  (9'),  a f t e r  s a t i s fy ing  
bounda ry  condi t ions  (5')  and (6'),  may  be  w r i t t e n  as  
fo l lows :  

r ( V,2 t/~ D ) ,~n 
u ( x , T ) =  Z A ~  exp L ~ �9 cos x, 

n ~ 0  Z 

w h e r e  coef f i c ien t s  A n a r e  d e t e r m i n e d  f rom the in i t i a l  
condi t ion  (4'): 

L 

A~ 2u(x, O) i cos 
L .) 

o 

nx { 2u(x,O) for  n = O  
- -  d x - :  I 

L I 0 for  n > O .  
t 

The g e n e r a l  solut ion of Eq. (9') in i t s  f inal  fo rm 
for  the spec i f i ed  in i t i a l  and boundary  condi t ions  ( 4 ' ) -  
(6') i s  as  fol lows:  

u = Ao/2 u ( x, O) o .a_ ' -  = c r l v  r , @/vp. 

Thus,  we have shown the q u a s i - s t a t i o n a r y  p r o p -  
e r t i e s  of the fol lowing r e l a t i o n s h i p  be tween the con-  
c e n t r a t i o n s  of r e a c t a n t  and product :  

q (x, x)/'~ r -::- cp(x, x),,'vp :-: o o cr,,v r + cr/v p = const (10) 

The r e l a t i o n  thus ob ta ined  means  tha t  dur ing  the 
p e r i o d  which the r e a c t o r  r e q u i r e s  to r e a c h  s t eady  
work ing  condi t ions ,  a t  any m o m e n t  of t ime  the sum 
of the r e d u c e d  concen t r a t i ons  of the s y s t e m *  r e -  
m a i n s  cons tan t  and equal  to the in i t i a l  va lue .  In 
addi t ion,  f r om r e l a t i o n  (10) fo l lows the s t o i c h i o m e t r i c  
equa l i ty  of the r e a c t a n t  and the p roduc t  f l owra t e s  at  
the r e a c t o r  in le t  (x = L) at  any momen t  of t i m e :  

D acp(x, T)] = _~._ Dacr(x,'~)! 
ax !x=L vr ax k=, l 

F o r  a r e a c t o r  with fo rced  feed and r e m o v a l  of 
r e a c t a n t  and p roduc t  (boundary  va lue  p r o b l e m  (2, 7, 
8)) a s i m i l a r  r e l a t i o n  is  obvious without  m a t h e m a t i c a l  
p r o o f  being r e q u i r e d .  

As an example  of the r e a c t o r s  c o n s i d e r e d  we may  
c i te  s i m p l e  e l e c t r o d e s  used  in app l ied  e l e c t r o c h e m i s t r y  
(fuel c e l l s ,  e l e c t r o l y z e r s ,  e t c . ) .  Inves t iga t ion  of the 
s t eady  work ing  condi t ions  of such e l e c t r o d e s  [4, 5] 
gave a r e l a t i o n  of type (10): 

c~ (x)/v r + Cp(X),,'vp = c~/,r + c~/vp, 

w h e r e  c~ -= c ~ is  the concen t r a t i on  of the j - t h  c o m -  
ponent of the ] sys tem in the vo lume of the e l e c t r o l y t i c  
c h a m b e r ;  th is  concen t r a t i on  i s  cont inuous ly  ma in t a ined  
(by the l a r g e  vo lume of the c h a m b e r  o r  by cont inuous 
supply  of r e a c t a n t  and r e m o v a l  of p roduc t .  

We so lve  Eq. (9')  by the F o u r i e r  method  [2, 3]. The 
p a r t i c u l a r  i n t e g r a l  of the  equat ion i s  

u ( x , x ) = e x p ( - - k % )  Acos ) x + B s i n . - ~ x  . 

*The " sum of the r e d u c e d  concen t r a t i ons  of the 
s y s t e m "  is  the sum of the c o n c e n t r a t i o n s  of r e a c t a n t  
and p roduc t  d iv ided  by the c o r r e s p o n d i n g  s t o i c h i o m e t -  

r i c  r e a c t i o n  coe f f i c i en t s .  
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NOTATION 

c r and Cp--Concentrations of reactant and product, 
respectively, mole/cm~; Dj--effective diffusion co- 
efficient of j-th component of system (in the region 
of concentrations considered it is assumed to be 
constant); v--velocity of forced flow of mixture of 
reactant and product; Qj--capacity of source of j-th 
component of reaction; cj(x, ~)--value of concentra- 
tion of j-th component during steady operation of 
reactor, L--linear dimension of reactor. 
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